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Real and complex operator semigroups

Let Y be a real or complex Banach space.
T:]0,00] — Z(Y) is called (operator) semigroup in Y if

;

T(t+s)=T{)T(s) Vt,s >0
T(0) = Id.

\

T is uniformly continuous if: T € C'([0,00[; Z(Y)).
T is strongly continuous if:  T(-)y € C([0,00[;Y) VyeY.



Basic example: the exponential

IfAe Z(Y)

n>0

then T is a uniformly continuous semigroup.



This is the only uniformly continuous semigroup

Theorem.

(a) If T: [0, 00| — Z(Y) unif. continuous semigroup, then

(T = AT(H) V>0
T(0) = Id,

\
with A :=T'(0) € Z(Y) and T(t) = e for all t > 0.
(b) If A€ Z2(Y) then T(t) := e'” is the unique solution of

(T = AT(H) Yt >0
T(0) = Id

\



The generator of a semigroup

If T is not unif. continuos, then it is not the exponential

series. We need the following notions.

Let T:[0,00] — Z(Y) be a strongly continuous semigroup.
The generator of T is the operator A : D(A) — Y defined by

. T(h)y—vy d
D(A) = {y cY : Hflzli% ( )h = dtT(t)y’tO},
. T(hy—y
Ay =1 \vd D(A).
y = lim s y € D(A)



Spectral notions
Let A: D(A) — X be closed and linear.

e spectrum of A:
g(A) :={X € C : Xld — A is not bijective}.
e resolvent set of A:
p(A) :=C~a(A).
e resolvent operator of A at o

Ry(A):=(Ald—A)"': X — D(A),  Xep(A)



Generation theorem, part (a)
Theorem (Feller, Miyadera, Phillips (a)).

(a) If T : |0,00] = Z(Y) is a strongly continuous semigroup,
then

IMcRy, weR : [T < Me™ Vvt >0.

and

ds
the generator A of T is closed, D(A) C Y,
Jw, 00 S p(A),

IRy (A" < vn € N, VA > w.

(A —w)"



Generation theorem, part (b)
Theorem (Feller, Miyadera, Phillips (b)).

ds
(b) If A: D(A) — Y is linear with D(A) C Y.
If3 M e]l, 0, weR s.t.

Jw, 00| € p(A),
M
(A —w)"

Ry(A)"] < neN, YA>w,

then A generates the strongly continuous semigroup

T(t)y = lim ey, yev,

n—oo

where A, == nAR,(A) € Z(Y).
Moreover, ||T(t)|| < Me“t for all t > 0.



Generation theorem, part (c)

In both cases (a) and (b), we have that

Ry(A)y = / e AT (t)y dt VA>w, VyeY.
0



Connection to ODE’s
ds
Theorem. If A: D(A) — Y s closed, linear, D(A) C Y,

then the following conditions are equivalent:

(i) A generates a strongly continuous semigroup T.

(ii) p(A)NR # &,
Vy € D(A) 3w € C1([0,00[;Y) s.t. u(t) € D(A) Vt>0
and

u'(t) = Aul(t) vVt > 0,

And we have u(t) = T(t)y.
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Example: diffusion semigroup

If Y = L?(R?) then

T(t)(f)(ilj') = (47Tt1)d/2 /Rd €—|x—y|2/4tf(y) d

is a strongly continuous semigroup. Its generator is
4. 52
Z . WH3(RY) — L2(RY)

thus

rT/(t)y = AT(t)y — W' (1) = Au(?)
T(0)y =y € D(A) w(0) =y € W2

\ \
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Exponential ?

If A is not continuous, it generates a semigroup T(¢) which is

not given by the exponential:

t"A"
E ' does not converge.
n!
n>0

However it is given by a Cauchy integral formula if A is a

sectorial operator, i.e. if 30 € |0, /2] s.t.

Yy g = {X e C~A{0} : |arg(N)| <7/2+46} C p(A).
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Operatorial Cauchy integral formula

Theorem. If A: D(A) — X is a sectorial operator,
AM > 0 s.t. ||Ra(A)|| < M/|A| VA e s,
then

T(0) := Id,
1

T(t) := — [ eRy(A)dN,  t>0,
271 r

1S the semigroup generated by A,

I’ being a piecewise C1 curve in p(A)
going from oce {T/2H8) 1 o0ei(™/2+8) () < § < 4.
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Noncommutative setting: Real alternative *-algebras
In general we assume that

e A is finite dimensional real algebra with unity,

e A is alternative: («a, 3,7) — (af)y — a(B) alternating.

e 1 *involution A — A : o — aF,

i.e. a real linear mapping such that

(a%)° = « Va € A,
(aB)" = B%°  Va,B €A,
af = « Va € R.

Particular cases: C, H, O, Ry, »,
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Slice complex nature of A

For any j € A s.t. j2 = —1 and j° = —j we set:
Cii={r+sj: rseR}

and

We endow A with a norm |- | s.t.

la]? = aa® Va € Q.
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Left A-modules

An abelian group (X, +) is a left A-module if there exists

AxXxX — X:(a,x) — azx, s.t.

alz +y) = ar + ay,
(a+ B)r = ax + B,
lr = x,

r(sr) = (rs)x

and, if A is associative,

a(fz) = (af)z,

16

Ve,y e X, Va €A,
Ve € X, Va, s € A,
Ve € X,

Ve € X, Vr,s € R,

Ve € X, Va, 8 € A.



Right A-modules

An abelian group (X, +) is a right A-module if there exists
X xA— X:(x,a) — za s.t.

(r 4+ y)a = za + ya, Ve,y € X, Vo €A,
r(a+ 6) =xza+ xf, Vo € X, Vo, B € A,
xl = x, Ve € X,

(xr)s = x(rs) Ve e X, Vr,s € R,

and, if A is associative,

(xa)B = z(af), Vr e X, Va, 5 € A.
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A-bimodules
An abelian group (X, +) is a A-bimodule if:

(X, +) is a left A-module,
(X,+) is a right A-module,
re = xr Ve e X, VreR,

and, if A is associative,

a(xf) = (ax)s Vee X, Va,B € A.
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A useful notation

If X is an A-bimodule, then

AX means that X is considered as a left A-module,

X means that X is considered as a right A-module.

19



Banach A-bimodule

An A-bimodule X is a Banach A-bimodule if:

|| - || : X — Ry s.t.

| =0 <= x =0,

r+y| < |z + 1yl  Vz,yeX,

az| < lal||z]| and ||za| < |af||x]] Ve e X, VacA,

arl| = |lzal| = [alllz]]  Yre X, VacQa,

and if this norm is complete in the usual sense.
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Right linear operators

Let X be a Banach A-bimodule.

A: D(A) — X is a right linear operator if
D(A) is a right A-submodule of X,
A is additive,

A(za) = A(x)a, Ve € X,a € A.

ZL'(X):=qA: X — X : Aright linear, sup |[|Ax||/||z| < oo}
x7#0

\

/\\

Aec Z(rX) : Aisright linear}.

(Aa)(z) := Alax)
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Operator semigroups in the noncommutative case

Let X be a Banach A-bimodule. T : [0, 00 — Z7(X) is

called (operator) semigroup in X if

;

T(t+s)=T{)T(s) Vt,s >0
T(0) = Id.

\

T is uniformly continuous if: T € C([0,00[; Z"(X)).
T is strongly continuous if:  T(-)y € C([0,00];X) Vzx € X.
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Noncommutative spectral notions

Recall the “noncommutative” Cauchy kernel:
Ca(B) = (8" = 2Re(@)B + |al*) " (a” = B).
Idea: replace the resovent operator R, = (ol — A)™! by

Co(A) = (A = 2Re(a)A + |af*1d) " HaIld — A)

F. Colombo, I. Sabadini, D.C. Struppa, JFA 2008.
F. Colombo, G. Gentili, I. Sabadini, D.C. Struppa, JGP 2010.
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Noncommutative spectral notions

Aq(A) : D(A?) — X : Aq(A) := A? — 2Re(a)A + |a)? Id.

ps(A) :i={a e Qs : IAL(A)! e LX)},
05<A) = Qa \ pS(A>7
Co(A) := An(A)taf — AAL(A) L

Remarks:

C)\(A) = R)\(A) VA € pS(A) N R.
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Quaternionic generation theorems

The generation theorems for semigroups in a H-bimodule:
F. Colombo, I. Sabadini, Adv. Math. 2011

Tool: quaternionic functional calculus.
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A simple key lemma

Lemma. Let X be a Banach A-bimodule.
LX) is closed in £ (rX) with respect to the topology of

porntwise convergence.

Proof. Let A, € Z*(X), A € Z(gX) such that
A,y — Ay Vy € X.
Then for every z € X, a € A and n € N we have

IA(za) = Alz)all < [[A(za) = An(ra) 4+ An(za) — A(z)all
< [[A(za) = An(za)|| + [[Anz — Az||a]

Letting n — oo, we get the right linearity of A.
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The exponential
Theorem (R. Ghiloni, V. Recupero, Trans. AMS, in press).

(a) If T : |0,00] — Z*(X) unif. continuous semigroup, then
T'(t) = AT(¢) vVt > 0,
T(0) = Id,
with A := T'(0) € £"(X) and T(t) = e for all t > 0.
(b) If A € Z£*(X) the unif. continuous T(t) := e is the

unique solution of

T'(t) = AT(¢)  Vt >0,
T(0) = Id.
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Proof

(a) HTed([0,00];Z"(X)) = T eC(]0,00[; Z(rX))
thus, by the classical theorem,

T(t) = AT(t) Vt>D0,
T(0) = Id,

with A := T’(0) € .Z7(X) and T(t) = e for all t > 0.

(b) A€ Z"(X) C Z(rX) then T(t) := e is the unique
solution of

T'(t) = AT(t) vt > 0,

and T(t) = el =5 t"A"/n! € L7 (X).
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The generator of a semigroup

The generator is defined as in the real or complex case.

For T : |0, 00| — Z7(X) strongly continuous semigroup,
the generator of T is the operator A : D(A) — X defined by

. Thx—z d
D(A) = {:c c X : Elilzlg(l) r = (”T(t)x‘t_o}a
T _
Az := lim (h) :C, Vx € D(A).
h—0 h
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Generation theorem in A, part (a)
Theorem (R. Ghiloni, V. Recupero, Trans. AMS, in press).

(a) If T : |0,00] — Z"(X) is a strongly cont. semigroup,
then

IM e R, weR : ||TH)| < Me™ Vt>0
and

the generator A of T is closed, D(A) is dense,
Jw, 00| € p(A),

M
1CA(A)™]] < o VneNandV A > w.
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Generation theorem in A, part (b)
Theorem (R. Ghiloni, V. Recupero, Trans. AMS, in press).

ds
(b) Let A: D(A) — X be right linear s.t. D(A) C X.
IfiMeR,, weRs.t.

Jw, 00| € p(A),
M
(A —w)"

Ry (A)"]| < Vn €N, VA>w,

then A generates the strongly continuous semigroup

T(t)y = lim ey, ye X,

n—oo

where A, == nAR,(A) € Z7(X).
Moreover, ||T(t)|| < Me“t for all t > 0.
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Spherical sectorial operators

ds
D(A) C X right A-submodule,
A : D(A) — X closed right linear.

A is a spherical sectorial operator if 46 € |0, 7/2] s.t.

Nir g = {a € Qa~{0} : arg(a) < m/24 8} C ps(A).
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If A is sectorial and M > 0 s.t. ||[Ro(A)]] < M/|a|

T(0) := Id,
1

T o

T(t) : / Co(A)j e da, t >0,
L

is the semigroup generated by A? The classical proof does

not work. Let us differentiate T(¢). We need A associative.
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Let us compute L(T)(A), A >0

=L caayitee (o - )
27T T;
1 . —
o [ A e )
7 T;
> — ! / Co(Aj Ha—=N)"tdaas L — oo
2T r
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Computing the powers of Cy(A)

dn—l dn—l 00
Ci(A) = / e AT (t) dt
d>\n—1 0

but Ry(A) — R, (A) = (1 — A)Rx(A)R\(A) yields

Lo CalA) = (-1 — DI(CA(A)",
hence
no_ 1 OO n—le—t)\
(A" = oy /O T(b)t dt A>0
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Estimating the powers of Cy(A)

n 1 ~ n—1_—
(CA(A)) :(n_l)!/o Tt e ?dt  A>0
1 ©.@)
[ I < gy [ Crte i
C C
= — <
S ) VA >r
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We can apply the generation theorems

A generates a semigroup U and ¢t — U(¢)x is the only

solution u of
)

u' (t) = Aul(t)
u(0) =z

\

for every x € D(A). This Cauchy problem is also solved by
T(t)x, thus
T=U

and T is a semigroup.
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Main theorem

Theorem (R. Ghiloni, V. Recupero, Trans. AMS, in press).
If A associative, j* = —1, j¢ = —j,

A: D(A) — X is a spherical sectorial operator,

AM € ]0,00] s.t. ||Co(A)|| < M/|a] Va € Xy,

then T : 0,00 — Z7(X) defined by

T(0) := Id,

1
T(t):= — [ Cu(A)j leted t>0
=5z [ CalAF e, >0,

1S the semigroup generated by A.
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